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Microchannel gas flows are of importance in a wide range of microelectro mechanical devices. In these flows, the mean
free path of the gas can be comparable to the characteristic length of the microchannel, leading to strong diffusion-
enhanced transport of momentum. Numerical solutions to the extended Navier–Stokes equations (ENSE) have success-
fully modeled such microchannel flows. Analytical solutions to the ENSE for the pressure and velocity fields using the
Lambert W function are derived. We find that diffusive contributions to the total transport are only dominant for low
average pressures and low pressure drops across the microchannel. For large inlet pressures, we show that the expres-
sions involving the Lambert W function predict steep gradients in the pressure and velocity localized near the channel
exit. We extract a characteristic length for this boundary layer. Our analytical results are validated by numerical and
experimental results available in the literature. VC 2014 American Institute of Chemical Engineers AIChE J, 60: 1413–

1423, 2014
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Introduction

Microchannel gas flows have elicited much research inter-
est in recent years.1 Such flows are frequently encountered
in microelectro mechanical systems (MEMS) such as in ther-
mal cooling systems for electronic devices,2 air damping of
MEMS resonators,3,4 gas chromatograph analyzers,5 and
other applications. Theoretical understanding of macroscale
fluid flows, where the continuum approximation holds, has
existed for many decades and phenomena appearing at these
length scales are well understood and described in classic
textbooks.6,7 Microchannel flows, however, exhibit many sig-
nificant deviations from the predictions of the classical Nav-
ier–Stokes equations (CNSE) used to analyze macroscale
flows. It has been known from the time of Maxwell8 that the
no-slip boundary condition can be violated in rarefied gas
flows. Other deviations from classical macroscale flows
include observations of higher mass flow rates through the
channel9 and nonlinear pressure drops along the channel.10

In a comprehensive overview of the first 50 years of Trans-
port Phenomena,11 Bird highlights as some of the present
day challenges: “(e) What boundary and interfacial condi-
tions in transport phenomena need to be clarified by use of
molecular dynamics?” and “(h) What is the correct velocity
boundary condition at the tube wall when a homogeneous
mixture is flowing through the tube?”

Deviations from the classical results arise from rarefaction
of the gas or the shrinking of the characteristic length scales
of the flow geometry so that the mean free path k of the gas
becomes comparable to the characteristic length of the flow
channel h.12 Another important source of the deviation of
microscale flows from CNSE predictions is the relative
importance of wall effects. The shrinking characteristic
length scales of the channel lead to increasing surface to vol-
ume ratios, and hence, the nature of interaction of the wall
with the gas can strongly influence the flow properties. This
is essentially a breakdown of the continuum approximation;
to be able to neglect microscopic statistical fluctuations, we
need a sampling volume with a characteristic length much
bigger than the length scale h of the microchannel.

We quantify the deviation from the continuum approxima-
tion with the help of the Knudsen number Kn defined as

Kn 5
k
h

(1)

where h is the characteristic length of the channel, and k is
the mean free path of the gas defined as13

k5
l
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pRT
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Here, l is the viscosity of the gas, P is the pressure, R is
the gas constant, and T is the absolute temperature. In order
of increasing Kn , the flow characteristics may be classified
as a classical continuum flow, slip flow, transition flow, or a
free molecular flow.12 Some typical values of Kn corre-
sponding to these regimes are shown in Figure 1, which has
been adapted from Dongari et al.14
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Some of the earliest attempts to account for wall effects
and to model the effects of slip in rarefied gas flows are due
to Maxwell,8 who modeled the wall surfaces as being inter-
mediate between perfectly reflecting and perfectly absorbing.
Due to the roughness of the wall, a fraction r of the gas
molecules impacting it are absorbed by the wall, and subse-
quently re-emitted in a diffuse manner with a velocity distri-
bution corresponding to a quiescent gas at that particular
temperature. The remaining fraction 12r is reflected specu-
larly. With this assumption, Maxwell showed that the tan-
gential slip velocity at the wall is given by

uslip 5
22r

r
k
@u

@y
(3)

where @u=@y is the velocity gradient normal to the flow direc-
tion. For high Knudsen number flows, deviations from a first-
order derivative model are observed, and hence higher order
derivatives are frequently used to model slip in microchannel
flows.12,13,15,16 Extensive reviews on the topic of wall slip and
rarefied gas flows in microchannels are available.17

It has been argued that using the CNSE together with the
Maxwell slip velocity formulation is largely an empirical
approach to modeling microchannel gas flows.18 Further-
more, it does not account for local gradients in density
which can create local fluxes due to self diffusion.19,20 A
new approach has been proposed in a series of publications
by Durst and coworkers (see, e.g., Refs. 14,20–22). The
underlying assumption in this theory is that the pressure gra-
dient in the direction of the compressible flow provides an
additional diffusive mode of mass transport, which is
accounted for analytically by adding an extra term to the
CNSE. One, therefore, eliminates the need to include, in an
ad hoc manner, the Maxwell slip velocity.14

A treatment for the self diffusion of gases has been dis-
cussed in the landmark transport phenomena text by Hirsch-
felder et al.23 They note that in addition to the familiar
sources of momentum and mass diffusion that arise from
concentration gradients in a multicomponent system, there is
another contribution to the diffusive flux that arises from the
pressure gradient itself. The coefficients of self diffusion can
be experimentally measured using, for example, the diffusion
of one isotope of a gas into another, if the molecules are suf-
ficiently heavy (see the discussion by Slattery and Bird24).
These additional modes of transport are accounted for using
a rigorous kinetic theory approach, making the mass flux
expression significantly more complicated (see, e.g., p. 516
of Hirschfelder et al.23). These additional contributions can-
not be neglected when large pressure gradients exist in a
rarefied gas flow field. The extended Navier–Stokes equa-
tions (ENSE) proposed by Durst et al.21 account for this

mass and momentum transport due to self diffusion by
replacing the velocity in the CNSE with a total velocity that
is a sum of convective and diffusive velocity terms.

The problem of pressure driven flow of a compressible
viscous gas through a tube is posed as a detailed exercise
(2B.9) in Bird’s second edition of Transport Phenomena.6

Here, it is suggested that there is an additional contribution
to the mass flux along the channel that arises from slip at
the wall of the channel. It is suggested (based on empirical
evidence) that the slip varies inversely with the pressure in
the gas (consistent with Eqs. 2 and 3). The general form of
the mass flux variation with pressure is sketched in a figure
(Figure 2B.9 of Ref. 6), and the insightful student might ask
why the sketch shows not just an augmentation in the total
flow rate through the channel but also a nonmonotonic varia-
tion. To quantify and understand such observations, it is nec-
essary to have an analytic expression for the mass flux
which describes the underlying transport phenomena.

In this article, we provide for the first time analytical
results obtained for microchannel gas flows modeled using
the ENSE under the assumptions of the lubrication approxi-
mation; currently only semi-analytical or numerical solutions
are typically reported. Our presentation is intended to be
didactic; we first provide a brief overview of the formulation
of the model and the relevant equations. We then present the
new analytical expression for the relationship between the
total mass flux and the applied pressure difference, and dis-
cuss the inherent nonmonotonicities and nonlinearities that
arise. We also compare the results with experimental data to
test their predictive ability. The utility of an analytic descrip-
tion of the flow field is demonstrated using this new formu-
lation to understand the boundary layer structure that can
develop near the microchannel exit for sufficiently large inlet
pressures. Finally, we use this detailed analytical understand-
ing of this canonical fluid mechanics problem to construct a
new flow state map for channel flows of a rarefied gas.

The Extended Navier–Stokes Equations

At steady state and in the absence of any temperature gra-
dients, the system of equations for a single species referred
to for compactness as the ENSE are given by25
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along with the ideal gas equation of state

q5
P

RT
(7)

It is assumed that the total mass transport in the extended
model consists of a linear sum of convective and diffusive
terms. The superscripts C;D; and T in the above equations
refer to convective, diffusive, and total quantities, respec-
tively. The total velocity component in the i direction is
given by uT

i 5uC
i 1uD

i . The subscripts i; j; k refer to orthogo-
nal coordinate directions and take the values 1, 2, or 3. The
other symbols in the above equations are the local density
qð~xÞ, the local velocity uð~xÞ, the local pressure Pð~xÞ, the

Figure 1. The different regime classifications of micro-
channel flows based on Knudsen number Kn.

Figure is reproduced from Ref. 14. Permission to repro-

duce figure granted by Springer.
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local dynamic viscosity l, and the self-diffusive mass flux in
the k direction _mD

i 5quD
i . The Kronecker delta function is

denoted by dij. The self-diffusive velocity in the i direction
is given by the expression

uD
i 52

l
qP

@P

@xi
(8)

This diffusive velocity uD is driven by gradients in the
pressure and accounts for the Maxwellian slip-like velocity
in a natural way, rather than introducing tunable parameters
such as the parameter r in Eq. 3.

In this article, we consider a rectangular microchannel of
length L, width w, and height h, with h� w� L. The lubri-
cation approximation holds under these limits7 and, assuming
steady-state flow, the ENSE simplify to22
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along with the empirical boundary conditions

uTjy56h52
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where the walls of the microchannel are located at y56h.
These boundary conditions arise from the assumption that
the no-slip boundary condition applies to the convective
velocity uC at the wall surfaces (uC50) so that only a diffu-
sive flux is present locally. It is important to note within the
lubrication approximation the mass and momentum equations
are not satisfied exactly. We ignore terms of order Oðh=LÞ2
and higher. This is a good approximation given the dimen-
sions of the microchannel, and that h� w� L.

Solving Eq. 10 for uT and using the boundary condition
(11), Adachi et al.22 show that
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where _mT is the local mass flux per unit area and the total
mass flow rate _M

T
through any cross section of the channel

is given by
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We now proceed to find analytical expressions for the pres-
sure field and the mass flow rate as well as the velocity field
uðx; yÞ in the channel. To the best of our knowledge, we pres-
ent the first analytical solutions to the ENSE for flow through
a rectangular microchannel. Although an expression for the
total mass flux through the channel may be found by solving
equation 14 implicitly,22 previous approaches have solved for
the explicit local pressure and velocity fields numerically.

Results and Discussion

Consider the expression for the total mass flow rate _M
T

derived in Eq. 14. Because the mass flow rate remains constant

through any arbitrary cross-section of the channel, we have
d _M

T
=dx50 and we can write this expression in the form
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where C05 _M
T
=2hw is a constant of integration. This equa-

tion can be solved for P implicitly, and we determine C0

from the boundary conditions at the inlet and outlet of the
channel Pð0Þ5Pi and PðLÞ5Po to obtain
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We now nondimensionalize Eq. 15 using �x5x=L and �P5

P=Pc where L is the length of the microchannel and Pc is a
characteristic pressure for an ideal gas given by
Pc5l

ffiffiffiffiffiffiffiffiffi
3RT
p

=h. As the pressure is increased to Pc, the mean
free path given by Eq. 2 decreases to give a characteristic
mean free path kc or, equivalently, a characteristic Knudsen
number given by Kn c5kc=h5

ffiffiffiffiffiffiffiffi
p=6

p
which characterizes the

transition region in Figure 1. Substituting these scalings into
Eqs. 15 and 16 results in the simpler expression
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where �C5ðL=lÞC0 is dimensionless. Solving this equation
for the dimensionless pressure distribution along the channel
�Pð�xÞ with �P5Pi=Pc5 �Pi at �x50 and �P5Po=Pc5 �Po at �x51
we obtain the implicit expression
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At this point, expression (18) can be evaluated using a
suitable nonlinear equation solver or root finding algorithm;
however, additional insight can be gained by seeking an ana-
lytic expression for �Pð�xÞ. This equation admits itself to a
closed form analytical solution given by
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where W(x) is the Lambert W function defined to be the
function W(x) that satisfies the equation

WðxÞexp ½WðxÞ�5x (20)

Although it may not be widely known, the Lambert W
function is ubiquitous in nature and appears in the solution
of a number of mathematical as well as physical problems
such as electrostatics, population growth, enzyme kinetics,
and quantum mechanics. It is similar to the trigonometric
functions in the sense that it has no explicit closed form, but
a very large number of physical problems are solved with
relative ease using it in the solution.26 Furthermore, almost
all popular physical computing packages such as Mathema-
tica, Matlab, and Maple include full support for the Lambert
W function, and utilize efficient algorithms to calculate its
value at any point in its domain. Corless et al.27 provide an
excellent summary of the history and applications of W(x).

We may now find explicit solutions for the total mass
flow rate _M

T
and the velocity profile uT by substituting Eq.

19 into Eqs. 14 and 12, respectively, to obtain
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where �y5y=h. To find uTð�xÞ, we were required to find an
analytical expression for the pressure drop d �P=d�x (cf. Eq.
12). We give an explicit expression for the pressure drop
later; here, we simply note that to find uTð�xÞ, we have used
the fact that the derivative W0ðxÞ of the Lambert function is
given by27

W0ðxÞ5 WðxÞ
xð11WðxÞÞ ; x 6¼ 0 (23)

We can now also find the individual contributions to the
total mass flux that arise from the diffusive velocity field
uDð�xÞ and the convective velocity field uCð�x; �yÞ from Eq. 8
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in which P5 �Pi= �Po.
For a long narrow channel with h� w, the pressure gradi-

ent is unidirectional (along the channel) and the diffusive
contribution does not vary across the channel. The total
velocity field in the microchannel is given by uTð�x; �yÞ5
uCð�x; �yÞ1uDð�xÞ.

Having derived the solution for the pressure field �Pð�xÞ
(which in turn determines the density field qð�xÞ) we now
seek to determine the quality of the lubrication approxima-
tion used to derive these solutions. To this end, we substitute
the density field q(x)5P(x)/RT and the velocity field uT(x,y)
using equations (19) and (22) respectively, into the continu-
ity equation (9) to solve for the transverse component of the
velocity field vTð�x; �yÞ, and we obtain
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Equation (10) was obtained from (5) and (6) by neglecting
terms of order (h/L)2. We now estimate the magnitude of
these neglected terms a posteriori by using the obtained sol-
utions for P(x), u(x,y) and v(x,y). We first write out the x
component of the momentum equation without neglecting
terms of O((h/L)2):
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above equation as
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Because we have analytical solutions for both uT(x, y) as well
as vT(x, y) we can calculate the terms l
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To find the relative magnitude of the neglected term in the
momentum equation, we divide (31) by (30) and obtain
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In the next section, we compare our analytic expression with
experiments by Maurer et al28. In these experiments, h 5

0.6 mm and L 5 10 cm, leading to (h/L)2�O(10211).
Moreover, for all experimentally accessible parameters, the
factor
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For example, for typical experimental values of �Pi= �Po530
and �Pi 5 10 used by Maurer et al., the magnitude of this
term is about 103� 1011. Therefore we are justified in
employing the lubrication approximation for typical micro-
channel geometries over a wide range of magnitudes of the
dimensionless pressure field. This conclusion is further sup-
ported in the next section by comparing the predictions of
our results with experimental data.

Comparison with data

Equipped with these analytical solutions for the mass flow
rate, the pressure field as well as the local velocity field, we
next examine the behavior of these expressions under vari-
ous conditions of inlet and outlet pressures and also compare
the analytic expressions with experimental data. In Figure 2,
we show the scaled pressure D �Ps5ð �P2 �PoÞ=ð �Pi2 �PoÞ calcu-
lated using Eq. 19 as a function of position along the channel
�x. The curves correspond to different values of the inlet pres-
sure �Pi for a fixed (small) value of the outlet pressure �Po. It
is observed that the nature of the scaled pressure drop D �Ps

strongly depends on the relative values of inlet and outlet
pressures. We know that in the classical case the scaled pres-
sure along the channel varies as D �Ps512�x, and this linear
result is independent of the inlet and outlet pressures �Pi and
�Po. Accounting for diffusive terms makes the pressure drop
highly nonlinear, and it is now a function of both �Pi and �Po.
Moreover, for a fixed value of �x, say �x50:5, can be noted
that the value of the scaled pressure varies nonmonotonically
at small values of �Pi and saturates at high values of �Pi.

In this manuscript, although we obtain the pressure pro-
files presented in figure 2 using a lubrication approximation
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solution to the simplified ENSE, there are other techniques
to arrive at an approximate analytic solution for microchan-
nel gas flows. One widely used approach that has led to
much success is to obtain a solution for the full Navier-
Stokes equations for a compressible fluid using a regular
perturbation method29. Notably, Venerus and Bugajsky30

derive expressions for stream-wise as well as transverse
pressure and velocity fields for microchannel flows of com-
pressible fluids, and their analytical results agree well with
previously published experimental data. However the
authors note explicitly that they assume flow conditions
such that Kn � 1023 (as opposed to Kn � 1 in the present

work) and any slip effects are negligible. Qin et al.31 also
present a perturbation solution to the compressible Navier
Stokes equations, including the case Kn � 1 for both short
and long channels. The perturbation solution of Arkilic and
Schmidt32 which applies to long channels ((h/L)2 � Kn) is
retrieved by Qin et al. in the appropriate limit. Our analyti-
cally derived pressure profiles obtained by utilizing the
lubrication approximation (figure 2) also agree with those
derived using the perturbation solution in these cited
works31,32 in the correct limit. However, Qin et al. intro-
duce two additional material constants corresponding to slip
boundary conditions (slip coefficients), which are obtained
from the literature. Moreover, it is apparent from their
results that there is an approach to a boundary layer like
region near the channel exit. No detailed comments or anal-
ysis are presented for this boundary layer structure. We dis-
cuss boundary layer like flow in the results section.

The nonlinear evolution of the pressure profile predicted
by the ENSE is more readily evident in the pressure gradi-
ent profiles. A closer examination of the curves in Figure 2
shows the existence of an inflection point along the profile,
that is, although the pressure gradient along the channel is
always negative, its magnitude may vary nonmonotonically.
We can easily determine the pressure gradient along the
channel by differentiating Eq. 19 with respect to �x to
obtain
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Plotting Eq. 34 in Figure 3 for different values of the
dimensionless inlet pressure �Pi, the nonmonotonicity in the
pressure gradient is readily apparent. In fact, we analytically
find the location of this inflection point �xi using Eq. 34 by
setting d2 �P=d�x250 to be

Figure 3. Analytically determined pressure gradient
d �P=d�x as a function of �x (Eq. 34) for a fixed
value of the outlet pressure.

There exists a point in the channel where the pressure

gradient is most favorable (most negative), and the

magnitude of the favorable pressure gradient increases

with �P i. The location �x at which this occurs is also

shifted toward �x51 as the pressure is increased (cf. Eq.

35). [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]

Figure 4. Prediction of the analytically derived solution
to the ENSE compared to the experimental
measurements taken directly from the values
reported by Maurer et al.28

The agreement between the prediction and the data is

good. The parameters used here are from Maurer et al.

l519:931026 Pa s, h50:6lm , w5200lm , L 5 10 cm,

T 5 293 K. The outlet pressure was held constant at

Po512 kPa. The black dashed line shows the CNSE solu-

tion for the mass flux. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]

Figure 2. Evolution in the nondimensional pressure
�Pð�xÞ5Pð�xÞ=Pc as a function of nondimen-
sional position �x5x=L along the microchan-
nel analytically determined from Eq. 19.

We observe that the scaled pressure saturates for high

inlet pressures �P i. Furthermore, an inflection point is

present in the curves, some of which are not readily

apparent in the plots above on account of being very

close to the exit. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.

com.]
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and the minimum (most negative) pressure gradient in the
microchannel d �P=d�xj�x5�x i , which occurs at the inflection
point, is given by
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where the prime denotes differentiation with respect to �x.
Deviations from the classical solution for the mass flow

rate of a fluid through a microchannel is a fact that has been
experimentally established.1,10,28,32,33 The mass flow rate is
observed to be higher than that predicted by the CNSE with
the no-slip boundary condition. This occurs due to the appear-
ance of the additional “slip-like” velocity contribution near
the boundaries of the microchannel. This slip-like flow is
modeled in the ENSE with the additional diffusive term with-
out the need for introducing any fitting parameters or addi-
tional material constants, and hence, this model should be
able to predict the higher mass flow rate observed experimen-
tally. Indeed, this is the case; in Figure 4, we compare experi-
mental measurements of the mass flow rate from Maurer
et al.28 with the predictions of the ENSE presented in this
article (Eq. 21). The values of channel dimensions and other
experimental parameters used in this prediction are the same
as those in the work of Maurer et al., and are summarized in
the figure caption. We note that the prediction is very good
over a wide range of driving pressure differences, and the
analytical solutions presented here captures the essential non-
linearities and apparent slip phenomena observed in micro-
channel flows at moderate Knudsen number.

The conductance

A useful way of representing the overall transport effi-
ciency of the system is in terms of a conductance j (i.e., the
inverse of a flow channel hydrodynamic resistance). For gas
flow through a rectangular slit, the ENSE predict that the
conductance is given by

j �
_M

T

DP
5

lhw

LPc

1
�Pi2 �Po

�P
2
i 2 �P

2
o1ln

�P
2
i

�P
2
o

 !
(37)

The quantity �P
2
i 2 �P

2
o appears commonly in such problems

(e.g., Eq. 37 and the abscissa of Figure 4). Additional insight
can be obtained if we rewrite this expression in terms of an
average pressure hPi5ðPi1PoÞ=2 and a pressure difference
DP5Pi2Po such that �P

2
i 2 �P

2
o5ð �Pi1 �PoÞð �Pi2 �PoÞ52

hPi
Pc
� DP

Pc
.

Using these identities, we rewrite the conductance in terms
of the average pressure hPi of the gas to obtain

j5
lhw

L

2hPi
P2

c

1
1

hPi2Po

ln
2hPi2Po

Po

� �� �
(38)

Furthermore, using Eq. 1 and Eq. 2, we can define a
Knudsen number hKn i based on the average inlet pressure
as

hKn i5
ffiffiffiffiffi
p
24

r
Pc

hPi (39)

In Figure 5a, we plot the conductance j as a function of
the average dimensionless pressure h �Pi in the microchannel.
Whereas in the CNSE, the conductance monotonically
increases with h �Pi (because of the increasing density of the
fluid), a distinct nonmonotonicity is apparent in the case of
ENSE: the conductance of the channel initially decreases
with increasing average pressure and then increases to
become indistinguishable from the classical limit. This non-
monotonicity occurs due to the added diffusion transport
mechanism. At low pressure differences, diffusive contribu-
tions of the flow resulting from the density gradient along
the channel are vastly more efficient at transporting mass
and momentum through the microchannel compared to clas-
sical convective terms. It can be seen from Figure 5a that
the location of the minimum conductance (indicated by the
symbols) is a function of the outlet pressure �Po.

In Figure 5b, we plot the value of hKn i at that value of
the outlet pressure for which the conductance is a minimum.
Note that we are not able to find a simple analytical solution
for the value of hPi at minimum conductance due to the
nonlinearity in Eq. 38. We, therefore, determine hKn i as a

Figure 5. (a) The conductance j of the microchannel as a function of the average pressure in the channel.

In contrast to the prediction in the classical case in which the conductance increases linearly with average pressure, the ENSE pre-

dicts that the conductance varies nonmonotonically with h �Pi. (b) The Knudsen number at minimum conductance calculated using

the average pressure as a function of outlet pressure. The Knudsen number at minimum conductance varies nonmonotonically

with the imposed pressure. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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function of the dimensionless outlet pressure �Po numerically.
Here, we notice another nonmonotonicity, and the Knudsen
number hKn imin defined using the average pressure at which
minimum conductance is obtained first increases with
increasing outlet pressure and subsequently decreases as
hKn imin � �P

21
o . For larger values of �Po (and hence larger

h �Pi), the variation of conductance j approaches the classical
Navier–Stokes case, and j increases monotonically with
increasing h �Pi. In this limit, the average pressure at mini-
mum conductance equals h �Pi � �Pi � �Po.

We can also compare the conductance defined by Eq. 37
with experimental measurements of the mass flux through a
microchannel as a function of P2

i 2P2
o. In Figure 6, we plot

the experimental measurements of Maurer et al. with the
analytic expression in Eq. 37. There are no adjustable
parameters in this expression if the inlet and outlet pressures
are specified in addition to the channel geometry. It is clear

that the ENSE provide an excellent description of the con-
ductance of a rarefied gas through a microchannel, including
the appearance of a minimum in the conductance at a speci-
fied value of the average pressure hPi5ð1=2ÞðPi1PoÞ and
the pressure driving force DP5Pi2Po. Also shown on this
plot is the CNSE solution (black dashed line), in which j
increases linearly with �Po.

Velocity field in the channel

We now turn to the velocity field uTðx; yÞ given by Eq.
22. In Figure 7, we show the nondimensional total velocity

�uTð�x; �yÞ5 uT

l
ffiffiffiffiffiffi
3RT
p

=4L
at different values of �x, for two different

conditions: (a) �Pi51 and (b) �Pi510, keeping the outlet pres-

sure fixed at �Po50:25. We observe in Figure 7a that the
velocity is nonzero at the channel walls, and this slip-like
velocity arises from accounting for self diffusion due to local

gradients in pressure. In fact, for these values of �Pi and �Po,
the diffusive velocity contribution (given by Eq. 24) is a sig-
nificant proportion of the total velocity.

This picture changes when the pressure ratio, which we
define as P5 �Pi= �Po, is increased. In Figure 7b, we show the
same quantity �uTð�x; �yÞ with �Pi510 and �Po50:25, corre-
sponding to P540. It is immediately observed that in this
case, the convective terms in the velocity largely outweigh
the diffusive terms. In this regime, the slip-like velocity is
relatively unimportant; this fact has been noted by other
researchers, for example, Adachi et al.22 The diffusive con-
tribution to the mass flow rate is only important if it is of
the same order of magnitude as the convective contribution.
For this, we require both of the (independently variable)
dimensionless pressures �Pi and �Po to be small. With increas-
ing �Pi, the wall boundary condition begins to approach that
of no-slip and the velocity profile becomes parabolic. This is
reassuring because in the limit of high pressure, the Knudsen
number is small (Kn � 1; cf. Eq. 2), and microscale correc-
tions should become relatively unimportant. However, we
also note that because of the compressibility of the gas, there
is still a steady increase in the local velocity down the chan-
nel in this case as shown in Figure 7b. Moreover, the pres-
sure profile along the microchannel is still highly nonlinear
and differs considerably from the CNSE solution, as can be

Figure 7. Velocity profiles in the microchannel at different locations �x.

(a) �P i51 and �Po50:25ðP54Þ. The contribution of the diffusive velocity terms is a significant proportion of the total velocity and

increases along the channel. (b) �P i510 and �Po50:25ðP540Þ. In this case, there is still slip at the walls, but its contribution to the

total mass flux is negligibly small. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 6. Comparison of the prediction of the analytical
expression obtained in the present work for
the conductance of a microchannel (Eq. 38)
against experimental data obtained by
Maurer et al.28

The outlet pressure as well as fluid properties and

microchannel geometry is the same as that in Ref. 28

The prediction is very good and closely agrees with the

experimental data. The black dashed line shows the

CNSE solution. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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seen from Figure 2. As we show later, to approach the clas-
sical result D �P512�x, we require both P ! 1 and Pi 	 Pc.

To better visualize the evolution in the velocity field along
the channel, we consider the quantity Uð�x; �yÞ, which we call
the scaled velocity, defined as

Uð�x; �yÞ5 uTð�x; �yÞ2uT
min

uT
max 2uT

min

(40)

where uT
min and uT

max are the minimum and maximum veloc-
ities in the microchannel. It is clear from Figures 7a, b that
the minimum and maximum velocities lie somewhere along
the �y561 and �y50 lines, respectively. This is also readily
seen from Eq. 22; if we isolate the terms in Eq. 22 that
depend on �x and rewrite it as

uT5n1

�Pð�xÞ
11 �P

2ð�xÞ
n21

2

3 �P
2ð�xÞ

 !
(41)

where n1 > 0 and n2 
 0 are coefficients independent of �x,
and �Pð�xÞ is given in terms of the Lambert W function. We
can show that uT is a strictly increasing function of �x
(because the pressure �Pð�xÞ is a strictly decreasing function
of �x.). Therefore, the minimum velocity in the channel is at
ð�x50; �y561Þ, whereas the maximum in the velocity occurs
at ð�x51; �y50Þ, which can now easily be found for any
choice of �Pi and �Po.

Figures 8a–d show shaded plots of the scaled velocity Uð�x; �yÞ
as a function of the dimensionless channel coordinates.
Each panel corresponds to a different value of �Pi and the
value of the outlet pressure was held to be constant at
�Po50:25. We observe that as the driving pressure differ-
ence is increased, the scaled velocity increases much more
steeply in the vicinity of �x � 1.

This behavior can be rationalized from the pressure gradi-
ent profiles presented in Figure 3; as �Pi is increased, the
magnitude of the pressure gradient along the channel
increases rapidly. In addition, Eq. 35 shows that in the limit
of large pressure ratios P5 �Pi= �Po, the location of the maxi-
mum favorable pressure gradient tends toward �xi ! 1. This
leads to the rapid increase of the gas velocity in the vicinity
of �x51 for large P. To better visualize this sudden change
in the velocity near the outlet, in Figure 9, we present line

Figure 8. Magnitude of the scaled velocity U in the microchannel as a function of spatial position for different val-
ues of inlet pressure.

(a) �P i50:3, (b) �P i51:0, (c) �P i55:0, and (d) �P i510 at fixed outlet pressure �Po50:25. For larger values of �P i, the fluid undergoes a

sudden increase in velocity in the vicinity of �x51. Color scale bar shows values of U ranging from 0 to 1. [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 9. Scaled profiles of the centerline velocity
along the microchannel for different values
of �P i.

Increasing �P i leads to a steep increase in the scaled

velocity close to �x51. The red dashed line shows the

boundary layer approximation given in Table 1 for
�P i510	 1, �Po50:25� 1. [Color figure can be viewed

in the online issue, which is available at wileyonlineli-

brary.com.]
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scans of the scaled centerline velocity U at different values
of �Pi. The steep increase in the scaled velocity is clearly
visible. This behavior stands in stark contrast to the classical
incompressible solution, where the pressure gradient and the
corresponding centerline velocity are constant throughout the
channel.

Boundary layer analysis

The rapid variation in the velocity field close to �x � 1
suggests a boundary layer analysis is appropriate when
P 	 1. Through such an analysis, we can extract a charac-
teristic length scale for this boundary layer as well as the
asymptotic behavior of pressure and velocity for different
limits of �Pi and �Po.

We begin by a consideration of Eq. 18 which we repro-
duce here for clarity, with the pressure ratio P explicitly
indicated

�P
2
i 2 �Pð�xÞ21ln

�P
2
i

�P
2ð�xÞ

5 �P
2
o P2211ð1= �P

2
oÞlnP2

� �
�x (42)

Differentiating this equation with respect to �x we obtain

�Pð�xÞ1 1
�Pð�xÞ

� �
d �PðxÞ

d�x
52

�P
2
o

2
P2211ð1= �P

2
oÞlnP2

� �
(43)

We now perform the variable transformation n512�x and
let �Pð�xÞ5 �Pð12nÞ5�wðnÞ. Therefore, Eq. 43 now becomes

�w1
1
�w

� �
d�w
dn

5
�P

2
o

2
P2211ð1= �P

2
oÞlnP2

� �
(44)

Note that at �x50 we have n51 and �wð1Þ5 �Pi. Similarly,
�wð0Þ5 �Po. If desired a full matched asymptotic analysis of
this equation can be carried out. Here, we are primarily
interested in the behavior of the pressure field in the vicinity
of the exit of the channel ðn� 1Þ, that is, the inner expan-
sion where wðnÞ � �Po. We can consider two limits of this

nonlinear equation: �Po � 1 and �Po 	 1 depending on how
large the outlet pressure at the end of microchannel is com-
pared to the characteristic pressure scale Pc5l

ffiffiffiffiffiffiffiffiffi
3RT
p

=h. In
the former case, Eq. 44 simplifies to

1
�w

d�w
dn

u

�P
2
o

2
P2211ð1= �P

2
oÞlnP2

� �
(53)

while for �Po 	 1 we obtain

�w
d�w
dn

u

�P
2
o

2
P2211ð1= �P

2
oÞlnP2

� �
(54)

These differential equations can be easily solved to find
the limiting behavior of the pressure field close to �x51.
These results are presented in Tables 1 and 2.

We can apply a similar approximation of the governing
differential equation in the vicinity of the channel exit for
the velocity field uT. First, we rewrite Eq. 12 in nondimen-
sional form and apply the same variable transformations
described above to obtain

uT5
h
ffiffiffiffiffiffiffiffiffi
3RT
p

2L
11

2

3

1

�w
2

" #
d�w
dn

(55)

which in the limits �Po � 1 and �Po 	 1 simplify, respec-
tively, to

uT
u

h
ffiffiffiffiffiffiffiffiffi
3RT
p

3L

1

�w
2

d�w
dn

(56)

and

uT
u

h
ffiffiffiffiffiffiffiffiffi
3RT
p

2L

d�w
dn

(57)

We may now substitute into these equations the asymp-
totic form of the pressure from Tables 1 and 2, according to
the relevant magnitude of �Po, to find the limiting expressions

Table 1. Limiting Expressions for Pressure �Pð�xÞ and Velocity uTð�xÞ for the Case �Po � 1

�Po � 1;P � 1 �Po � 1;P 	 1

�Pð�xÞ �Poexp ½ð1=2ÞðP221Þð12�xÞ� (45) �Poexp ½ð1=2Þð �P2
0ðP221Þ1lnP2Þð12�xÞ� (46)

uTð�xÞ h
ffiffiffiffiffiffiffiffiffi
3RT
p

6L

P221
�Po

exp ½2 1

2
ðP221Þð12�xÞ� (47)

h
ffiffiffiffiffiffiffiffiffi
3RT
p

6L

�P
2
oðP221Þ1lnP2

�Po

exp ½2 1

2
ð �P2

0ðP221Þ1lnP2Þð12�xÞ� (48)

The expressions in the second column, in which P ! 1, is obtained by expanding the logarithm for P � 1. Equation numbers are given within parentheses.

Table 2. Limiting Expressions for Pressure �Pð�xÞ and Velocity uTð�xÞ for the Case �Po 	 1

�Po 	 1;P � 1 �Po 	 1;P 	 1

�Pð�xÞ �Po

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP221Þð12�xÞ11

q
(49)

�Po

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2211

1

�P
2
o

lnP2

 !
ð12�xÞ11

vuut (50)
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ffiffiffiffiffiffiffiffiffi
3RT
p
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P221
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP221Þð12�xÞ11

q (51) h
ffiffiffiffiffiffiffiffiffi
3RT
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4L

�Po P2211 1
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� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2211 1

�P
2
o

lnP2
� �

ð12�xÞ11

r (52)

Although there is no exponential behavior in this case, when P 	 1, the functional dependence of the expressions for pressure and velocity are such that steep
gradients occur near the channel exit. As before, the expressions in the second column, in which P ! 1, is obtained by expanding the logarithm for P � 1.
Equation numbers are given within parentheses.

AIChE Journal April 2014 Vol. 60, No. 4 Published on behalf of the AIChE DOI 10.1002/aic 1421



for the velocity field in the boundary layer near the exit.
These results are also summarized in Tables 1 and 2.

The exponential dependence of both the pressure field as
well as the total velocity field on �x for low outlet pressures
�Po � 1 immediately suggests a characteristic length scale d
for the boundary layer region given by

d
L
� 1

�P
2
oP21lnP2

5
3l2RT

h2P2
i 13l2RTln ðP2

i =P2
oÞ

(58)

For a fixed value of the outlet pressure �Po, the boundary
layer thickness decreases with increasing values of the inlet
pressure �Pi and this explains the form of the velocity profiles
seen in Figure 9. Equivalently, decreasing �Po also decreases
the boundary layer thickness, although more slowly than
increasing �Pi.

A different structure for the boundary layer at the exit is
observed when the outlet pressure is high ð �Po 	 1Þ. The
compressibility of the gas can still be important and there
can still be a rapid decrease in the pressure near the exit. In
this case, the pressure and velocity profiles have a square
root and an inverse square root dependence on the distance
from the exit, respectively. However, the length scale of the
boundary layer remains the same as that of Eq. 58. The
detailed expressions for this case are given in Table 2.

Conclusions

In this article, we present, for the first time, analytical sol-
utions to the ENSE and obtain expressions for the pressure
field, mass flow rate, and velocity field for flow through a
rectangular microchannel. The ENSE approach models the
apparent slip-like flow of rarefied gases in microchannel geo-
metries by accounting for additional diffusive mass transport
due to local pressure gradients. Using the analytical expres-
sions derived here using the Lambert W function, the nonlin-
ear behavior of the pressure field and the resulting velocity
field was examined in detail. The analytical expressions
derived here are able to successfully capture the anomalous
mass flow rate increases observed experimentally.

The ability to obtain an analytic expression for the pressure
profile �Pð�xÞ along the channel (19) in terms of the Lambert W

function also helps us construct a more detailed version of the
regime map that was shown schematically in Figure 1. This
new two-dimensional (2-D) map is best represented in terms
of the pressure ratio P5Pi=Po5 �Pi= �Po that is driving the flow
and either the average pressure hPi5ð1=2ÞðPi1PoÞ in the
channel or the scaled outlet pressure �Po5Po=Pc, each of which
characterizes the thermodynamic state of the gas and the
Knudsen number in the channel. We use the latter representa-
tion to construct Figure 10. The 2-D velocity profile and the
pressure profile along the channel are described by Eqs. 19 and
22 for this entire space. For large outlet pressures (Po 	 Pc)
and small pressure drops (P � 1), the ENSE for compressible
viscous flow at moderate Knudsen numbers collapse to the
CNSE. For low average pressures (corresponding to high
Knudsen number) and small pressure differences, the flow
approaches the Knudsen regime in which ballistic transport
dominates. To describe, this regime requires the solution of
the Boltzmann equation using appropriate numerical techni-
ques which depend on the Knudsen number range of interest.13

As the pressure drop along the channel increases ðP 	 1Þ,
the flow develops a boundary layer structure in which the
largest velocity changes occur in a thin region of length d
near the channel exit. The specific form of the pressure profile
or centerline velocity profile in this boundary layer regime
depends on the magnitude of the outlet pressure Po (compared
to the characteristic value Pc). The results for both Po 	 Pc

and Po � Pc are given in Tables 1 and 2, respectively. For
extremely high-pressure ratios, additional effects such as iner-
tial acceleration and viscous heating may further modify the
velocity field near the exit. The framework and methodology
for dealing with such transport effects have been outlined by
Bird and coworkers in numerous publications (see, e.g., Refs.
6,11,23) but are beyond the scope of this work.
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